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Abstract—Fractional-order modeling is a multidisciplinary
framework widely used to describe memory, nonlocality, and
distributed dynamics in fields such as control theory, dielectric
dispersion, and complex physical systems. In this work, that
framework is applied to the microwave permeability spectra of
amorphous CoFeB thin films. Published experimental complex-
permeability curves were digitized and fitted using three
fractional-order intrinsic models combined with an explicit skin-
effect correction. Model selection was performed using the
corrected Akaike information criterion. The results showed that a
simpler fractional-order model was sufficient for thinner films,
whereas thicker films required a more flexible formulation. The
proposed approach provided good agreement with the
experimental spectra and preserved a clear physical interpretation
by separating intrinsic magnetic dispersion from thickness-
dependent skin-effect effects.

Keywords—fractional-order modeling, magneto-impedance,
complex permeability, skin effect, CoFeB thin films, microwave
magnetism.

I. INTRODUCTION

Magneto-impedance (MI), and its well-known extension
giant magneto-impedance (GMI), is the change of AC electrical
impedance in a soft ferromagnetic conductor under an external
magnetic field (H.). It is one of the most sensitive
electromagnetic effects in such materials. In experimental
practice, the MI response is commonly expressed through a
normalized impedance variation such as,

AZ Z(H)-Z(H.,)
Z Z(Hw)

Accordingly, Ml is best interpreted as a frequency-controlled
redistribution of electromagnetic fields inside a magnetic
conductor, rather than as a simple DC magnetoresistive
phenomenon [1]. The term giant magneto-impedance (GMI) is
generally used when the normalized M ratio, expressed as AZ/Z
in (%) exceeds 100%, indicating an impedance change larger
than the reference value at the maximum or saturation field [1].

@

This makes MI-based structures attractive for compact
magnetic  sensing, including low-field and biomagnetic
applications, while also motivating deeper physical modeling of
the frequency response beyond purely empirical fitting [2], [3].
Amorphous and nanostructured magnetic materials are
especially relevant in this context because their high soft-
magnetic performance, tunable anisotropy, and favorable high-
frequency behavior enable pronounced impedance variations
under weak external fields [3], [4].

ISBN 978-86-6200-074-3 ©2026 AM & ETRAN
https://doi.org/10.69994/131c26051

272

Il. PHYSICAL BACKGROUND AND CLASSICAL MODELS OF

MAGNETO-IMPEDANCE

From the physical standpoint, the MI response is governed
by the coupling between electrical conductivity, magnetic
permeability, and current redistribution inside the ferromagnetic
conductor. Under AC excitation, the current does not remain
uniformly distributed over the cross section, but is confined
within a finite electromagnetic penetration depth. In its simplest
form, the skin depth is written as:

2
5: -
\j wou(o,H,)o

where w is the angular frequency, o is the electrical
conductivity, and u is the effective permeability. This relation
directly shows why the impedance becomes highly sensitive to
both excitation frequency and external magnetic field He, since
the latter modifies the effective permeability and therefore the
current penetration profile. Such permeability-controlled skin
effect is the central physical mechanism of MI in amorphous
ribbons, microwires, and related soft magnetic conductors [3].

O]

Accordingly, classical MI descriptions often rely on a
Debye-type representation of complex permeability,

P ©)
1+ jor
where pu,, is the high-frequency permeability limit,

Ap = pg — u,, is the relaxational permeability contribution, with
us denoting the static (low-frequency) permeability,and 7 is the
characteristic relaxation time. Physically, 7 represents the delay
of the magnetic response to the applied field, i.e the time required
for domains or spins to reorganize under dissipative constraints
such as anisotropy, defects, and internal stresses. This
approximation assumes a single dominant magnetic timescale
and therefore provides a convenient first description of
magnetization dynamics. For MI, such a Debye-type form is
useful because the frequency dependence of u(w) directly
affects the skin depth and, consequently, the field-dependent
impedance response [3].

However, when the magnetic response approaches a
resonance-controlled regime, a Lorentzian-type dispersion

becomes more appropriate. In that case, the complex
permeability may be represented in the form:
p(o)= v ' @

+ 2
1- iﬂ(a)/a)res)+(w/wre5)
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or equivalently in terms of frequency f instead ®. Here, S is
a damping-related parameter controlling the spectral linewidth.
In physical terms, this model describes a resonant magnetic
response associated with precessional or ferromagnetic-
resonance (FMR) rather than a purely relaxational one [5].

This interpretation is consistent with the Landau-Lifshitz-
Gilbert (LLG) equation, which provides the standard continuum
description of magnetization dynamics in ferromagnets,
dm

B Y RV
. dt

®)

where M is the magnetization vector, Hess is the effective
magnetic field, y is the gyromagnetic ratio, Ms is the saturation
magnetization, and a is the Gilbert damping parameter. The first
term describes the precession of magnetization about the
effective field, whereas the second term accounts for dissipation
and relaxation toward equilibrium [6].

To illustrate the qualitative difference between relaxational
and resonance-type response, Debye and Lorentz permeability
models were simulated in Python using xs=110 and u»=10. For
the Lorentz model, 3=0.45, while the resonance frequency was
fres=1.5 GHz. The obtained curves, shown in Fig. 1, highlight the
smooth single-time-constant behavior of the Debye model and
the broadened resonance feature of the Lorentz model.

In classical MI modeling, Debye and Lorentzian forms
provide two baseline descriptions of magnetic dynamics: single-
time-constant relaxation and damped resonance. Both relate
frequency-dependent permeability to MI through the skin effect,
but neither fully captures the non-ideal response of amorphous
and nanostructured materials [7].
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Fig. 1. Debye-model frequency dependence - (a),
Lorentz-model frequency dependence - (b).
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I11. RELAXATION AND DISPERSION IN Ml MATERIALS

In real MI materials, the effective magnetic response is often
broadened by structural disorder, anisotropy dispersion, internal
stress gradients, and the coexistence of domain-wall motion and
magnetization rotation, as emphasized in studies on
inhomogeneous amorphous ribbons and microwires [3], [4].

As a result, the permeability spectrum is typically governed
by a distribution of magnetic timescales rather than by a single
characteristic process, which leads to non-ideal dispersion and
non-exponential relaxation. This viewpoint is consistent with the
broader complex-permeability treatment discussed in ref. [8]

A compact phenomenological description is given by the
Cole—Cole-type form,
Hs —H,
1+(jor)”

(6)

M=+

where 0<a<1 is a dispersion parameter. In the Debye model,
a=1, whereas a<1 represents broadened non-Debye relaxation.
Although originally introduced by Cole and Cole for dielectric
dispersion, this form is widely used to represent distributed
relaxation in complex media. [9].

In MI systems, such non-ideal permeability dispersion
directly modifies the skin depth and therefore the measured
impedance response. This provides the physical basis for the
fractional-order treatment introduced in the next section. [3], [8].

IVV. FRACTIONAL-ORDER MODELING AND MEMORY EFFECTS

Fractional-order modeling (FOM) denotes the description of
dynamical systems by differential and integral operators of non-
integer order. In engineering practice, FOM is particularly
established in control theory, where fractional-order transfer
functions, system identification procedures, and controller
structures are used when conventional integer-order models do
not provide sufficient flexibility for accurate representation of
real processes. This is reflected, for example, in the MATLAB-
based FOMCON framework, explicitly developed for fractional-
order modeling and control design [10].

From the mathematical point of view, FOM may be
interpreted as an extension of the classical Laplace-domain
framework, in which conventional system models are expressed
through integer powers of s, directly associated with ordinary
derivatives and integrals. The introduction of non-integer terms
s« generalizes this description to dynamics that are no longer
purely local in time, but depend on the past evolution of the
system. This connection becomes explicit because the fractional
operator associated with s is represented in the time domain by
a convolution of the classical derivative with a memory kernel,
so that the present response depends on the weighted history of
the state. In that sense, the transition from integer-order Laplace
terms to fractional powers naturally leads to hereditary evolution
laws of the type [11]

DU*)

where y(t —t") is the memory kernel and L is the
corresponding response operator. Equation (7) is important
because it makes the memory effect directly visible: the present

oW (t')
ot’

)

dt, = LW (t) ’



state is no longer determined only by the simple instantaneous
derivative, or integral so, but by the entire prehistory of the
system, weighted through the kernel y(t). This is precisely the
mathematical meaning of hereditary dynamics in fractional-
order descriptions [12].

Likewise, in addition to the integral form given in Eq. (7), the
same concept can be expressed in a compact differential form as:
oW (t)

ot

where 0<o<I, a;+a,=1, and © D is the Caputo fractional

derivative [13]. The first term describes a local response via an
ordinary derivative, while the second introduces nonlocality
through a fractional derivative. Thus, memory is inherently built
into the operator, as it depends on the past evolution of W (t).
over a finite time interval. This makes fractional-order equations
well suited for modeling systems with distributed dynamics,
such as control systems, dielectric response, and dispersive
electromagnetics [10].

+a,r " “DIW (t)=LW (t), (8)

It is important to note that fractional behavior can already be
captured within classical response frameworks. While standard
Debye and Lorentz models rely on integer-order dynamics and
single characteristic times, their generalizations replace these
with fractional powers, leading to broadened dispersion and
nonlocal effects. Thus, fractional-order modeling (FOM) should
be understood as a natural extension of classical relaxation and
resonance models to systems with distributed timescales and
memory, as demonstrated in recent studies [14].

In the frequency domain, Eq. (8) leads to the generalized
susceptibility form:

2(@

where the non-integer power (iwt)« is the spectral signature
of fractional-order behavior. Unlike a classical first-order model,
this term modifies amplitude and phase simultaneously and
therefore provides additional flexibility in the representation of
complex frequency-dependent dynamics [12]. In control
language, this corresponds to fractional transfer-function
structure, in material systems, it reflects distributed relaxation
and temporal nonlocality [10].

oc L ,
1+a, (iot)+a, (ior)”

©)

The corresponding time-domain response is naturally
connected with the Mittag-Leffler function,
ty (10)
¢(t)=Ea - '

T

which plays in fractional dynamics a role analogous to that
of the exponential function in classical first-order relaxation.
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Fig. 2. Exponential vs. Mittag-Leffler relaxation response.

For illustration, Fig. 2 compares the classical exponential
relaxation with the fractional-order Mittag-Leffler response from
Eg. (10) computed in Python for a=0.5. While the Debye
response (exponetial) assumes a single relaxation time and
decays rapidly, the Mittag-Leffler function represents distributed
relaxation associated with complex domain-wall dynamics,
pinning, and memory effects. Both curves start from unity. The
fractional response initially decreases faster, then crosses the
exponential one and develops a significantly longer tail, which is
characteristic of non-Debye relaxation in heterogeneous
magnetic systems.

For this reason, the appearance of the Mittag-Leffler law is
one of the clearest analytical indicators that the system evolution
is governed by fractional operators and memory effects rather
than by purely local integer-order dynamics. Its central role in
fractional evolution equations and generalized relaxation
processes is well established in the literature [15].

If a more general form is desired, the susceptibility may also
be written in fractional-polynomial form,

M PRY:
. Zkzobk(la))

N . ay
Zmzoam(lw)
where am and Sr are not restricted to integers. This

expression is useful because it shows that the simple form in (9)
is only one representative member of a broader class of fractional
constitutive models. Such generalized forms are particularly
relevant when experimentally observed spectra cannot be
reproduced by a single fractional exponent or by standard
Debye/Lorentz approximations. Fractional-polynomial

constitutive descriptions of this type are discussed in the
electromagnetic and dielectric literature [11].

7 () (11)

Within this framework, the present MI problem can be
viewed as one example of a broader class of memory-dependent
systems. The same mathematical formalism is also relevant in
fractional-order control, dielectric-relaxation theory, dispersive
electromagnetics, and related complex media. Therefore, the
parameter a should not be viewed merely as a fitting exponent,
but rather as an effective descriptor of temporal nonlocality,
distributed internal timescales, and hereditary response [10].



V. EXPERIMENTAL COMPARISON AND FRACTIONAL-ORDER
FITTING WITH EXPLICIT SKIN-EFFECT SEPARATION

The present analysis lies at the intersection of fractional-
order system theory, dispersive electromagnetics, and
microwave magnetism. Fractional-order modeling was first
widely developed in control and system identification as an
extension of classical integer-order  transfer-function
descriptions, and has since become an established framework for
representing memory, hereditary behavior, and distributed
timescales in complex dynamical systems. In parallel, related
fractional constitutive formulations have also been successfully
applied to dielectric and electromagnetic media, where they often
provide a more realistic description than conventional single-
timescale Debye or Drude-type models [16]. This broader
multidisciplinary background motivates the application of
fractional-order concepts to experimentally observed magnetic
permeability spectra [12].

Motivated by this broader framework, the present work
adopts the recent microwave-permeability study of amorphous
CoFeB films on a flexible substrate as an experimentally
grounded magnetic test case. In that study, the measured
complex permeability was described through an intrinsic
resonance law combined with an explicit skin-effect correction,
and the thickness-dependent broadening of the spectra was
attributed primarily to eddy-current effects. Here, we preserve
that physically transparent decomposition, but replace the purely
integer-order intrinsic Lorentz response by fractional-order
intrinsic models. In this way, the thickness-dependent skin effect
remains an explicit and separately interpretable contribution,
while the intrinsic magnetic response is generalized so as to
capture non-ideal broadening, asymmetry, and distributed
internal magnetic dynamics beyond the standard Lorentz
approximation [5].

For a conducting magnetic film of thickness d, the measured
permeability u(w,d) is related to the intrinsic permeability pin(w)
through the skin-effect transformation adopted from [5]:

(08) = s, (o) LK) 02],

k(w)d/2
where k(w) is the propagation constant. In the formulation
used for conductive films,

k(a)) _ f ja)ﬂoﬁin (a)) ,

with p denoting the film resistivity and uo the permeability of
free space. In the weak-skin-effect limit, kd/2«1, so Eq. (12)
reduces to:

(12)

(13)

_(kd)®

ﬂ(w'd)zuin(w){ +o((kd)2)1l (14)

which explicitly shows how finite-thickness skin-effect
correction modifies the apparent spectral response even when the
intrinsic resonance law itself remains unchanged.

The experimental permeability results reported in Fig. 3 of
the reference study [5] were manually digitized from the reported
u' and " plots using WebPlotDigitizer [16]. Because the source
data were available only in graphical form and were presented in
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separate panels, the extracted datasets did not initially share
identical frequency coordinates. Approximately 50 points were
extracted from each curve and then resampled onto a common
logarithmic frequency grid of about 100 points, i.e., roughly 50
points per decade. This preprocessing step was necessary to
enable consistent simultaneous fitting while preserving the main
spectral features of the published experimental spectra.

After preprocessing, three intrinsic fractional-order models
were implemented and tested in Python. The classical intrinsic
Lorentz model was taken as the reference form

After digitization of the published u' and " curves and
resampling onto a common logarithmic frequency grid, three
intrinsic FOM were tested. For compactness, we denote Q=w/wr,
Au=us—u- and wr denote the characteristic resonance frequency.
The corresponding measured response was always reconstructed
from Eq. (12), so the skin effect was never absorbed into the
fitting law itself. According to this notation, the reference
integer-order Lorentz model may be written as:

Au .
1-Q% + jpQ

Starting from this baseline, three progressively enriched
fractional-order intrinsic models were examined.

Fig (@)= pt, + (15)

Model A is the simplest fractional extension, obtained by
replacing the linear dissipative term by a fractional power:

Apu
1-0%+ B(jo)”

O<a <1.

Hing (@)=, + (16)

This model is the closest fractional analogue of the classical

Lorentz resonance [14].

Model B adds a fractional correction in the numerator,
providing additional control of amplitude and line-shape
asymmetry:

Au[1+a(j0) |
1-°+ B(jo)”

, O<a,y<<1. a7

Hion (@)= 1, +

Such forms are consistent with generalized fractional
constitutive models used in dispersive electromagnetics and
dielectrics [11].

Model C further extends the intrinsic response by adding a
second fractional term in the denominator:

Ay[l+a( jQ)y]
1-Q%+ B (jo) + B, (jo)’

This is the most flexible tested form and can be viewed as a
reduced multi-term fractional constitutive model [14].

, 0<a,ym<1. 17)

Hinc ((0) =4, +

In all three cases, the measured permeability was
reconstructed only after applying the explicit skin-effect
transformation from Eq. (12). Therefore, the tested models
should not be viewed as purely empirical fitting laws, but as a
hierarchy of intrinsic fractional-order extensions of the same
Lorentz-type resonance, combined with a separately retained
thickness-dependent skin-effect contribution.



The FOM model (A,B orC) and its corresponding parameters
(a,y,m) were identified in Python by simultaneous multistart
nonlinear fitting of both 4'(f) and x"(f). For each film thickness,
the three candidate intrinsic models were fitted independently,
and the final model was selected using the minimum corrected
Akaike information criterion (AlICc) [17].

To quantify the agreement between the fitted and resampled
curves, the deviation in Table | was evaluated as a normalized
mean absolute deviation (MAD). For each permeability
component, the mean absolute fitting error was normalized to the
maximum absolute value of the corresponding experimental
curve. This metric is more robust than a pointwise percentage
error, since the tail regions are more sensitive to digitization
uncertainty and local oscillations.

Accordingly, for x' and ", the deviation measures were
calculated as:
j, (19)

where N is the number of resampled frequency points, which
in the present study was N=101 for each curve.

lt . ( u)FOM_Iu,(lu,,)Meas—resampled
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Fig. 3. Resampled experimental and best-fit FOM permeability spectra for
CoFeB films of different thicknesses: (a) x', (b) x"".
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TABLE I. SELECTED BEST-FIT FOM MODELS AND NORMALIZED MAD FOR
THE INVESTIGATED COFEB FILM THICKNESSES

sample Selected
_fi r (o, " (o,
thickness | Pestfit | MAD w' (%) | MAD p (%)
model

0.19 pm B 2.98 2.53

0.33 um B 3.87 3.26

0.63 pm C 18 1.48

1.40 um C 3.86 2.48
The resulting agreement between the resampled

experimental data and the selected fractional-order model was
very good for all investigated film thicknesses. The comparison
plots are shown in Fig. 3, where symbols denote the resampled
experimental values and solid lines denote the corresponding
best-fit model curves. The associated fitting deviations are
summarized in Table I. The lowest deviations were obtained for
the 0.63 um sample, whereas the thinner films and the thickest
one exhibited somewhat larger, but still satisfactory, FOM model
deviations.

VI. CONCLUSION

In this work, the microwave permeability spectra of
amorphous CoFeB thin films of different thicknesses were
reanalyzed using a fractional-order intrinsic model combined
with an explicit skin-effect correction. The starting point was the
reference study, in which the measured complex permeability
was described by a classical Lorentz-type law with separate
thickness-dependent correction. Here, that physical separation
was preserved, while the intrinsic magnetic response was
generalized by fractional-order terms.

The obtained results showed that the proposed approach
reproduces the experimental spectra with good accuracy and
provides a clearer interpretation of the interplay between
intrinsic magnetic dispersion and thickness-dependent skin-
effect modification. In particular, Model B was sufficient for the
thinner films, whereas the more flexible Model C was required
for the thicker ones.

More broadly, these results indicate that fractional-order
modeling, already widely used in control theory, dielectric
dispersion, and other complex systems, can also be a useful
framework for magnetic thin films and related magneto-
impedance structures. Future work should test the same
methodology on other magnetic materials and geometries in
order to determine which fractional-order models are the most
accurate and physically meaningful across different classes of
magneto-impedance related systems.
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