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Abstract — To calculate the elements of triangles, it is necessary to
establish a connection with the angles that define them, but usually
we encounter the specific angles values 30° 45°and 60° (sometimes
also 75° or 15°. This limitation led to the examination of the
application of Pythagorean triples in trigonometry, after which
the question arose whether and in what way they can be applied
to hyperbolic functions. Several classical formulas have been
chosen that have their own interesting history, but in this paper
some relations are observed, which aim to contribute to a
shortening of the procedures used for calculating the functions of
argument. Thus, they would find their application in other scien-
ces, but also in specific areas of everyday human activities.

Index Terms — Pythagorean triplets, trigonometry, hyperbolic
functions, application.

I. INTRODUCTION

The word trigonometry is derived from the ancient Greek
words trigonon (triangle) and metron (measure). The name
itself testifies to the fact that she initially dealt with the problem
of measuring a triangle (its sides and angles). Its roots are deep
in the past, in the ancient times, in Babylon, Egypt, India,
Greece [7]. The modern notion of trigonometry, apart from
calculating the elements of a triangle, deals with establishing
the functions of the real (even complex) argument that define
them and represent the basis for showing pheno-mena and
processes in modern technical practice.

In mathematics, hyperbolic functions are defined in a way
similar to trigonometric functions [3, 8, 10]. Just as a trigono-
metric function can be defined for, or on, a circle, a hyperbo-
lic function is defined for a hyperbola. In trigonometry, sine
(sinx), cosine (cosx) and other functions appear. Similarly,
hyperbolic functions are used: hyperbolic sine (shx, or sinhx),
hyper-bolic cosine (chx, or coshx), hyperbolic tangent (thx, or
tanhx), hyperbolic cotangent (cthx, or cothx), hyperbolic se-
cant (schx, or sechx), hyperbolic cosecant (cschx, or coseshx).
Their inverse functions are prefixed with ar(ea), unlike
trigonometric arc(us). Just as in trigonometry the coordinates
of points on the unit circle are (cosx, sinx), in hyperbolic
functions pair (chx, shx) forms the right half of an equilateral
hyperbola. These functions can be solutions of various linear
differential equations, Laplace equation, etc., and are defined
through algebraic expressions, that include the exponential
function (e*) and its negative exponential function (e™), where
e is Euler number.

Hyperbolic sine is the odd part of exponential function, and
its algebraic expression is:
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X _ =X

shx = - (D

Hyperbolic cosine represents the even part of exponential
functions, and its algebraic expression is:

chy = £ )
The hyperbolic tangent is defined as follows:
shx eX-e™*
thx = chx | eXte X’ 3)

and the cotangent to the following:

shx eX—e X

The hyperbolic secant is represented as:

1 2
schx = el (5)
and the cosecant as:
1 2
cschy = —— = ——. (6)

II. MATERIALS AND METHODS - PYTHAGOREAN TRIPLES

An ordered triple of natural numbers (a, b, c) is called a
Pythagorean triple, if it is a solution to the equation:

a’+ b*= % @)

The theorem itself expresses the relationship that exists
between the three sides of a right triangle in Euclidean geome-
try. If @ and b are legs, and c is the hypotenuse of a right
triangle, the equality stated in (7) applies. They were named
after the ancient Greek mathematician and philosopher Pytha-
goras, who is traditionally associated with their discovery,
although today it is certain that it was known long before him,
and that he was actually just an intermediary between the
knowledge that came from the East to the Greeks. In order to
come up with formulas that would enable faster and simpler
obtaining of the values needed for the calculation of trigono-
metric functions, we used three formulas (8-10) [1] to obtain
the values of Pythagorean triples. The symbols p and ¢ indi-
cate the variables that make up the data on the basis of which
the measurements of the legs (catheti) and hypotenuses are
obtained, and the angle of inclination is the angle between the
hypotenuse and one of the legs of the right triangle.

pra=2p+1; b=2p°+2p,; c=2p°+2p+1, (8)
pra=2p;b=p’-1;c=p’+1, ©)

piq;a=2pq; b=p’-q’; c=p’tq, (10)
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where:

p — the first variable, g — the second variable,
p > ¢ (condition),
a, b —legs of a right triangle, ¢ — hypotenuse.

III. MAIN RESULTS

The angles are marked with the Pythagorean triples as
follows:

o= (a1, b], C]), B: (612, bz, 02), Y= (a3, bj, C3).

Then, for the sum of angles we have:

Yy=a+p=(ara:-brby arb:+ axby, c;cs). (1)
The proof (based on the geometry presented in Figure 1):
1. OA=a1 AB:b1 OB=C1

2. OCZQQ CD:bz ODZCQ

The similarity of triangles: AOAB ~ AOFC ~ ADGC
OA=aq; OF DG
AB=b; FC GC

OB:Cj OC:az Dc:bz
0A-0C a-a
> 0F=——=—--
OB Cc1
AB-0C bi-a 0A-DC a;-b
FCc = =212 DG = =22
OB Ccq OB Cc1

U
.y

A
2 /1

O EF A

Figure 1. Right triangle which has one angle
that is equal to sum of angles a + p

AB-DC _ by-by

GC =
OB C1
=>0E=0F—- FE=0F — GD =

_ a1 " 4y b1'b2_a1'a2_b1'b2
g - a €1
ED =EG+GD =FC+GD =
bya, a; b, a b, + b a
€1 " a €1

OD:C2.

When the last three equations are multiplied by the value ¢;,
the required formula is obtained:
y=a+p=(araz-brby arb;+ arby, crcz),
which makes the proof complete.

For the subtraction of angles (the proof is done analogously):

(12)

Y=a-p=(ara:+ brbs braz- bray, c;c2)
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For a double angle, by substituting the value in formula
(11), we get:

y=2a=(a’-b? 2ab, &). (13)
For the half angle (the proof is done analogously):
- 2_ cta ca Ve 14
v 2 - 2 2 7 . ( )

When the angles are marked with the Pythagorean triples:
= (1.2 % = 11 Ay,
a_(llclc) (1’61,C1’
B=(,

b, a
Zz _2)’
then for the sum of angles we have:

)
C2 C2

b1~a2+a1~b2 al'a2+b1'b2
(@+p) = (1, , . (15)
C1°C2 C1°C2
Proof:
1) sh(a+B)=shachf+chashp
e tB_p=(a+f)  px_g=0 BB pxpe=x BB
2 o2 2 2 2
e%eP-e e B  p a, n a; by
2 C1 Cy C1 Cy
ai+bq ax+by aq-bq az-b;
Cc1 [ Cc1 [ _ al-b2+a2b1
2 C1C3
a1-a2+a1b2+a2b1+b1b2—a1a2+a1b2+a2b1—b1b2 _ a1-b2+a2b1
2C1C2 - C1Co
2aq-by+2a;b; _ aq-by+azbq
2¢1Cy C1Cy
2) ch(ax+B)=chachf+shashf
e tBre(@+B)  pxje—a oBye=B x_e—a BB
2 2 2 2 2
e%.ePre%.oB _a; az , by by
2 - Cc1 C Cc1 C
aq+bq az+by ai—-bq ax—by
Cc1 [ ! Cc1 [ _ al‘a2+b1b2
2 C1C3
a1-a2+a1b2+a2b1+b1b2+a1a2—a1b2—a2b1+b1b2 _ a1-a2+b1b2
2¢1C3 C1Cy
2a1-a2+2b1b2 _ a1~a2+b1b2
2C1C2 o C1Cy

2'(a1'a2+b1b2) _ al'a2+b1b2

2¢1Cy C1Cy
a1~a2+b1b2 _ a1~a2+b1b2
C1C2 B C1C2
th a+th g
3) th(a =
) (a+p) 1+thathp

e%—e=® oB_=B
eh+e= %" B o—B
eX—e—0 oB_—B
eTre~ % BioB
by, b
b

e0+PB_g—(a+p)
e0+Be—(a+B)

e eB_g—x.o—B

e*.eBye—0.e=B ~ 1 b1b2
aj az
ai+bq az+by aq-b1 ar-b; azbi+a1b;
€1 c2 €1 c2 — aiaz
aqi+bq az+by ai—-bq az—by ~ ajaz+biby
1 c2 ' 1 c2 aiaz
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ajaz+aiby+arbi+biby—aqjaz+a1by+azb1—b1by
€i1€2 —
ajaz+aiby+azbi+biby+ajar—aiby—azb1+b1by T
c1€2
albz +a, bl

a1b2+a2b1

a1a2+b1b2

2a1by+2a;b,
2a1a2+2b1b2

- a1a2+b1b2

2(a1b2+a2b1) _ a1b2+a2b1

2(ajaz+biby)  ajaz+bib,
a1b2+a2b1 _ a1b2+a2b1

aiap +b1 b2

aia; +b1b2
1+ctha-cthf
ctha+cth

Oye— oBye—B
e@tByo—(ath) 1+:°‘—:-°"ZB_Z—B
eatB_g—(atB) T ed_e—a oBie—B

ed—e=X " B_o—B

4) cth(a+B) =

a a
e*ePre e B 1+b—1.i
e%.eB_g-a.e-Bp ~ S1,%2
by " by
ai+bq az+by \ ai1-bq az-b;y
‘1 c2 I ‘1 €2
ai1+bq ax+by aq—-b1 ap—by T aibp+azbq
c1 Cc2 c1 Cc2 b1by
ajaz+aiby+azbi+biby+aqaz—aqby—asb1+b1by
c1c _ aia2+b;1by
ajaz+aibpy+azbi+biby—ajaz+aiby+ab1—b1by
€12
2a1a;+2b1b; _ aia;+bib;
2a1b2+2a2b1 a1b2+a2b1
2'(a1a2+b1b2) _ a1a2+b1b2
2'(a1b2+a2b1) a1b2+a2b1
a1a2+b1b2 _ a1a2+b1b2

bibgy+aqay
biby

a1b2+a2b1

a1b2+a2b1 - a1b2+a2b1

For the subtraction of angles:

bi-az—ay-by aj-az—by-by
@—p) = (1, : ;
c1:c2 c1c2

(16)

for the double angle:

2a = (1,22,47)

2’ 2

; (17

for the half angle:
¢ _ <1, ’ﬂ’ ’L”)
2 2c 2c

IV. THE APPLICATION OF THE RESULTS

(18)

Among many applications of trigonometry, the one that was
already mentioned can be found - the application for the
calculation of values when decomposing vectors. Since this is
the example that prompted us to do this research - we will focus
on it in the form of a steep plane.

The steep plane is widely used in experiments and theory,
as well as in everyday life. One of the practical examples of
using a steep plane in everyday life is a ramp. Ramps for people
with disabilities are used by the people instead of stairs when
they are unable to use them. Currently, stationary, fold-ing and
sliding ramps are mostly in use.

When we look at the prescribed dimensions of the stairs [5],
we notice that ramps can be made for all types of stairs using
Pythagorean triples, not angles. Figure 5 shows possible angles
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. . 1827
stairs outside the framework

of building
(basement or attic stairs) 17/29

15/33

12.5/37.5

Figure 5. Possible angles of ramps, steps and ladders

for ramps, stairs and ladders.

When we look at the dimensions of the steps, we notice that
ramps can be made for all types of stairs using Pythagorean
triplets, not angles.

For steep slope stairs, where the height of the steps is 18 cm
and their width is 27 cm, we can use the following dimensions
of the ramps depending on the number of the steps:

1) 18 cm height, 80 cm width, 82 cm real length of the
ramp, 12.68 - steep slope ramp;

2) 36 cm height, 323 cm width, 325 cm real length of the ramp.,
6.36 - normal slope ramp;

3) 54 cm height, 728 cm width, 730 cm real length of the ramp,
4.24 - slight slope ramp;

4) 72 cm height, 1295 cm width, 1297 cm real length of the
ramp, 3.18°- slight slope ramp.

For the case when the steps are of normal slope, and the
height of the steps is 17 cm and their length is 29 cm, we can
use the following dimensions of the ramps depending on the
number of steps:

1) 17 cm height, 144 cm width, 145 cm real lenght of the ramp,
6.73 - normal slope ramp;

2) 34 cm height, 288 cm width, 290 cm real lenght of the ramp,
6.73 - normal slope ramp;

3) 51 cm height, 1300 cm width, 1301 cm real lenght of the
ramp, 2.25 - slight slope ramp;

4) 68 cm height, 1155 cm width, 1157 cm real lenght of the
ramp, 3.37 - slight slope ramp.

Among many applications of hyperbolic functions, one can
find their use in numerous formulas, such as those for
hyperboloids. Hyperbolic and trigonometric functions also
appear in the formulas for obtaining their coordinates. Single-
layer hyperboloids are used in architecture and construction,
with structures called hyperboloid structures. A hyperboloid
can be built with straight steel beams, and as a product, a strong
structure and more economical construction is obtained than
with other methods. Examples include cooling towers,
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especially power plants, and many other structures. Apart from
practical application, they can also appear for the sake of
aesthetics, as famous Gaudi did for one of the most famous
buildings "La Sagrada Familia" [15]. They can be seen in
countless places in his buildings, for example as parts of roofs
and staircases. Gaudi’s circular windows are often shaped like
a hyperboloid, rather than the more conventional cylinder, to
improve lighting.

CONCLUSION

This approach to trigonometry and hyperbolic functions
could contribute to a significant shortening of the procedures
for calculating angle functions, which would find its applica-
tion in other sciences and fields (computer science, astrono-my,
physics, architecture, civil engineering (construction), etc.).

Guided by the idea that length is a basic physical quantity
and that in practice it is possible to measure it more precisely,
we conclude that in this way the construction of ramps on the
ground is simplified (because data on the slope would be re-
placed by data on the length of the hypotenuse), as well as to
enable a wider application of complex models that would
simplify the construction of individual buildings.
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